The existence of a normal-state spectral gap in underdoped cuprates raises important questions about the associated superconducting phase. For example, how does this pseudogap evolve into its below T c counterpart? In this paper we characterize this unusual superconductor by investigating the nature of the ''residual'' pseudogap below T c , and find that it leads to an important distinction between the superconducting excitation gap and order parameter. Our approach is based on a conserving diagrammatic BCS Bose-Einstein crossover theory which yields the precise BCS result in weak coupling at any TϽT c and reproduces Leggett's results in the Tϭ0 limit. We explore the resulting experimental implications. ͓S0163-1829͑98͒50834-X͔ Pseudogap properties, associated with the unusual normal state of the underdoped high-temperature superconductors, have received considerable attention in the literature. From an experimental perspective the relationship ͑if any͒ between the pseudo-and superconducting gaps has not been unambiguously clarified.
Pseudogap properties, associated with the unusual normal state of the underdoped high-temperature superconductors, have received considerable attention in the literature. From an experimental perspective the relationship ͑if any͒ between the pseudo-and superconducting gaps has not been unambiguously clarified.
Angle-resolved photoemission ͑ARPES͒, 1,2 and other measurements 3, 4 on the underdoped cuprates indicate that the normal-state excitation or, equivalently, pseudogap above T c evolves smoothly into the excitation gap at and below T c . It is unlikely that a fully developed pseudogap will abruptly disappear as the temperature falls below T c , but precisely how it connects with the superconducting order parameter is not obvious. While there are scenarios in which the pseudogap and superconducting gaps are believed to be interrelated 5, 6 here we point out a quantitative relationship for one widely discussed scenario and characterize key features of the resulting unusual superconducting state. In this way we suggest experimental tests which may distinguish one pseudogap model from another.
A large class of pseudogap scenarios for the underdoped cuprates associate this phase with some form of precursor superconductivity, 7 often in the context of a ͑normal͒ state intermediate between that of the free fermions of the BCS and bound pairs of the Bose-Einstein regimes. 8 These BCS Bose-Einstein crossover theories were originally formulated by Leggett 9 to address the nature of the superconducting ground state. There has been considerable attention paid to this approach, [10] [11] [12] [13] [14] [15] [16] primarily at and above T c . Our goal here is to establish a crossover theory in the regime 0рTрT c , which is consistent with three important criteria. These involve simultaneously ͑i͒ satisfying the law of particle conservation, ͑ii͒ establishing consistency with the precise BCS result in weak coupling, and ͑iii͒ establishing consistency with the formulation of Ref. 9 for the ground state. Of these three criteria, the first 10, 15 and second, as well as third, 14, 16 have not necessarily been satisfied in earlier work. In this process we determine the counterpart to the pseudogap below T c , and its experimental implications.
In this paper we build on previous work, [17] [18] [19] based on a particular diagrammatic version of these crossover theories. For definiteness, we take a simple model of threedimensional ͑3D͒ fermions which interact via a short-range, separable pairing interaction with s-wave symmetry V k,k Ј ϭϪ͉g͉ k k Ј . It should be stressed that we have previously demonstrated that our results ͑above T c ͒ for this isotropic model remain qualitatively similar when applied to a quasi-2D lattice model with attractive d-wave interactions. 19 While the latter is more suitable for describing the superconducting state of the cuprates, the general physics we discuss here is presented more clearly, without the complexity of d-wave pairing. Our diagrammatic scheme is based on the ''pairing approximation'' of Kadanoff and Martin, 20 subsequently extended by Patton, 21 which will be shown below to satisfy the three criteria discussed above. Following these references, one arrives at the following complete set of equations:
which self-consistently determine both the Green's function G(K) and the T matrix t(Q). Equation ͑1d͒ is associated with particle conservation, criterion ͑i͒. For brevity, in Eqs. ͑1͒ we have used a four-momentum notation Kϵ(k;i) and Qϵ(q;i⍀), where /⍀ are odd/even Matsubara frequencies and ⌺ K ϭT⌺i,k. The bare Green's function is given by
, with k ϭk 2 /2mϪ and n is the particle number density. Here ⌺(K) is the self-energy and (Q) the pair susceptibility. In the weak coupling limit, Eqs. ͑1͒ can be regarded as a T-matrix formulation of the generalized BCS theory with 
where ⌬ sc is the superconducting order parameter, and the Dirac-delta function guarantees the factorization of the twoparticle correlation function in a manner consistent with offdiagonal long-range order. From Eq. ͑1a͒, the corresponding BCS self-energy is given by
With Eqs. ͑2͒ and ͑3͒, Eqs. ͑1͒ yield the usual BCS gap equation for ⌬ sc . As the coupling strength g is increased, the role of pair fluctuations ͑representing the mean-square deviation of the pairing field from its average value ͉⌬ sc ͉͒ becomes increasingly important and additional contributions to the T matrix need to be appended to Eq. ͑2͒. These effects are precisely those needed to describe pseudogap phenomena above T c . We write the T matrix below T c as
where the ''singular'' t sc , given by Eq. ͑2͒, accounts for the condensate of Cooper pairs, while the ''regular'' t pg describes pair fluctuations associated with the pseudogap. Inserting Eq. ͑4͒ into Eq. ͑1b͒, along with Eq. ͑2͒ and using the filtering property of the Dirac-delta function, one obtains
This last equation is the self-consistent gap equation. Moreover, we see from the above two equations that the pseudogap component of the T matrix, t pg (Q), is highly peaked about the origin, with a divergence at Qϭ0. 22 The self-energy of Eq. ͑1a͒ may be decomposed into two contributions:
In evaluating the pseudogap contribution to the self-energy, detailed numerical calculations 18 show that the main contribution to the Q sum comes from the the small Q region so that
, where ␦ ⌺, in the momentum and frequency range of interest, is much smaller than the leading BCS-like part, and can be ignored in what follows. 23 Thus ⌺ pg can be well approximated by the BCS-like form
where the pseudogap amplitude within the superconducting state, ⌬ pg , is defined as
Note that, although ͉⌬ sc ͉ satisfies an equation similar to Eq. ͑9͒, there is an important distinction between the two energy gaps. ⌬ sc is a complex order parameter which represents the mean value of the pairing field. By contrast, the pseudogap parameter ⌬ pg 2 is a positive definite quantity which describes the ͑incoherent͒ fluctuations of the pairing field about its mean value. It follows from Eqs. ͑7͒-͑9͒ that
The central results for the superconducting gap equation, number density and pseudogap below T c follow from Eqs. ͑1͒, ͑5͒, ͑6͒, ͑9͒, and ͑10͒ and can be summarized as
where
. Note that the total excitation gap ⌬ and the chemical potential can be obtained from the first two Eqs. ͑11͒. Moreover, while Eqs. ͑11a͒ and ͑11b͒ coincide formally with the corresponding ͑weak coupling͒ BCS equations, here these equations are valid for arbitrary coupling and any TрT c . It should be stressed that Eq. ͑11c͒, which determines the precise decomposition of ⌬ into ⌬ sc and ⌬ pg , is crucial and contains much of the central physics of this paper.
The simplicity of these equations derives directly from the diagrammatic scheme of Eqs. ͑1͒; alternative schemes 14, 16 will not produce this standard form, nor will they lead to the BCS limit in the weak-coupling case. Moreover, as will be seen below, when T→0, the pseudogap ⌬ pg vanishes and Eqs. ͑11a͒ and ͑11b͒ coincide precisely with those used by Leggett 9 in his Tϭ0 BCS Bose-Einstein crossover theory. Finally, as T→T c from below, the equations satisfied by T c , ⌬ pg , and can be seen to be identical to their counterparts found earlier 18 when T c is approached from the normal state. Physically, the pseudogap below T c can be interpreted as an extra contribution to the excitation gap, reflecting the fact that at moderate and large g, additional energy is needed to overcome the residual attraction between excited fermion pairs in order to produce fermioniclike Bogoliubov quasiparticles. In the bosonic limit, it becomes progressively more difficult to break up these pairs and the energy ⌬ pg increases accordingly.
In Fig. 1͑a͒ are plotted ⌬ pg , ⌬ sc , and ⌬, as a function of temperature, obtained from a numerical solution of Eqs. ͑11͒. We choose for illustrative purposes three representative values for g/g c ϭ0.7, 0.85, and 1.0 ͑all of which lead to positive chemical potential͒, corresponding, respectively, to a small, intermediate, and large pseudogap parameter at T c . Here, for definiteness, we follow Ref. 10 and take k ϭ(1 ϩk
, with k o ϭ4k F and define g c ϭϪ4/mk o to represent the critical coupling necessary to form a bound fermion pair in vacuum. As can be seen from the figure, with decreasing temperature, ⌬ pg (T) decreases monotonically from its maximum value at T c until it essentially vanishes 24 at Tϭ0, while ⌬ sc (T) and ⌬(T) both increase monotonically. When approached from slightly above T c , there will be a slope discontinuity in ⌬ at T c , reflecting the related discontinuity in the order parameter ⌬ sc ; moreover, as demonstrated in Fig. 1͑a͒ , at the higher value of g this total gap is almost temperature independent.
The pseudogap is an important measure of the distinction between the order parameter, ⌬ sc , and the excitation gap ⌬. The latter is the quantity deduced in ARPES measurements. The former must be directly related to the superfluid density, n s , which is strictly zero at and above T c , but which presumably also depends in some way on ⌬ as well. Moreover, by studying n s ͑which can be obtained via the London penetration depth͒, it will be made clear that, in principle, all three gap parameters can be distinguished experimentally. The superfluid density may be expressed in terms of the local ͑static͒ electromagnetic response kernel
with the current-current correlation function given by
Here the bare vertex (K,KϩQ)ϭ(1/m)(kϩq/2), while the renormalized vertex ⌳ must be deduced in a manner consistent with the generalized Ward identity, applied here for the uniform static case: Qϭ(q,0), q→0. 26 It is convenient to write ⌳ϭϩ␦⌳ pg ϩ␦⌳ sc , where the pseudogap contribution ␦⌳ pg to the vertex correction follows from the Ward identity ␦⌳ pg ͑K,K͒ϭ‫ץ‬⌺ pg ͑K͒/‫ץ‬k. ͑14͒
The particle density n, given by Eq. ͑1d͒, after partial integration can be rewritten as nϭϪ(2/3) ͚ K k•‫ץ‬G(K)/‫ץ‬k. Then, as a result of Dyson's equation, one arrives at the following general expression:
͑15͒
Now, inserting Eqs. ͑15͒ and ͑13͒ into Eq. ͑12͒ one can see that the pseudogap contribution to n s drops out by virtue of Eq. ͑14͒; we find
We emphasize that the cancellation of this pseudogap contribution to the Meissner effect is solely the result of local charge conservation. Following the standard prescription for constructing the proper vertex correction corresponding to the superconducting self-energy 26 one obtains
Inserting Eqs. ͑3͒, ͑7͒, and ͑17͒ into Eq. ͑16͒, after calculating the Matsubara sum, one arrives at
͑18͒
We may write the superfluid density as n s ϭ⌬ sc 2 F(⌬) ͓where the form of the function F can be obtained from Eq. ͑18͔͒. The same quantity corresponding to a BCS superconductor with effective gap parameter ⌬ is given by n s eff ϭ⌬ 2 F(⌬), so that n s /n s eff ϭ(⌬ sc /⌬) 2 р1. In Fig. 1͑b͒ we plot the temperature dependence of the normalized superfluid density n s /n ͑solid line͒ calculated from Eq. ͑18͒ for the same three representative values g/g c as above. These curves are compared ͑dashed line͒ with the quantity n s eff /n, which is a ͑BCS-like͒ function only of the excitation gap. For sufficiently weak coupling (g/g c Շ0.7) the two curves are indistinguishable. With increasing g the separation between the two curves becomes evident, particularly in the vicinity of T c , whereas at zero temperature there is no difference since n s ϭn, independent of the coupling. This comparison thus demonstrates how different are these ''pseudogap'' superconductors. The superfluid density reflects most directly the temperature dependence of ⌬ sc , not the excitation gap.
The existence of residual pairing correlations below T c will affect thermodynamic properties as well. Indeed, upon analysis of data in underdoped cuprates, Loram et al. 27 conjectured that the measured excitation gap squared can be expressed as the sum of the squares of a pseudogap and superconducting order parameter. This purely phenomenological analysis leads to a similar decomposition 28 of the excitation gap, as in Eq. ͑10͒. However, in contrast to the present work, these authors presumed that ⌬ pg is temperature independent below T c . In summary, in this paper we have demonstrated that if a pseudogap state arises from pairing correlations ͑fluctua-tions͒ above T c , then these pairing fluctuations necessarily persist below T c . These pseudogap systems are unconventional superconductors, in which pair fluctuations are present all the way down to the lowest temperatures. At Tϭ0 these fluctuations ͑or ⌬ pg ͒ vanish. A key manifestation of the ''superconducting pseudogap'' is in the nature of the excitation gap ͑⌬͒, which differs significantly from the superconducting order parameter ⌬ sc , as ⌬ 2 ϭ⌬ sc 2 ϩ⌬ pg 2 . At a physical level we view ⌬ pg as reflecting an additional energy associated with the attractive interaction, which must be overcome in order to create fermioniclike Bogoliubov quasiparticles. In this way, the excitations from the condensate in a BCS BoseEinstein crossover theory can be viewed as intermediate between the ͑free͒ fermionic Bogoliubov quasiparticles of the BCS limit and the ͑bound͒ bosonic pairs in the Bose-Einstein regime. It should be stressed that our previous work on d-wave superconductors 19 reinforces the claim that the physics presented here for the s-wave case is not qualitatively sensitive to the symmetry of the pairing interaction.
Experimentally, verification of this pseudogap scenario ͑for the underdoped cuprate superconductors͒ involves establishing the relation between ⌬ and ⌬ sc . Measurements of n s and ⌬ separately are possible ͑through penetration depth and ARPES experiments͒. Even more promising may be tunneling spectroscopy measurements of high-T c superconductorinsulator-superconductor junctions in which the Josephson and quasiparticle current data can be simultaneously used to extract ⌬ and ⌬ sc .
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